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The matrix channel
Z

X —» A Y

Y=A-X+Z

@ Input, output: X,Y € IE‘QVXT
@ Transfer matrix: A € Fy*V

@ Unknown in a noncoherent scenario
@ Depends on network topology and coding coefficients

@ Error matrix: Z € IF"’JVXT

@ Related to link errors
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@ Encode information in the subspace spanned by the rows of X
@ Lifting [siva-k-k '08] a.k.a. channel training [vang-H-M-Y-Y '10]

@ Special case of subspace coding
@ Roots on Chou's pratical network coding [Chou-w-K '03]

@ Approaches (error model)
@ Combinatorial (algebraic)

[Koetter-Kschischang '08] [Silva-K-K '08] [Silva-K '09]

o Information-theoretic
[Montanari-Urbanke '07] [Silva-K-K '10] [Jafari-M-F-D '09] [Yang-H-M-Y-Y '10]
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@ Mainly so far: one-shot codes

@ Use the channel only
o Okay if T can grow

J

) PI"OpOSGd [Koetter-Kschischang '08] but not eXpIOfed:

Transmit of n matrices (or subspaces):
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One-shot vs. multishot

@ Mainly so far: one-shot codes

@ Use the channel only once
o Okay if T can grow

@ Proposed [Koetter-Kschischang '08] but not explored: multishot codes

@ Use the channel many times

This work: Block codes [nobrega-Uchoa '09]

Transmit sequences of n matrices (or subspaces):

(Xoy -y Xn—1)
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@ Two results:

@ Channel capacity can be for large T [silva-K-K '10]
o Combinatorial codes are for large T [silva-K '09]
@ What if packet size T be made too large?

@ Under this condition:

@ Network
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@ Two results:

@ Channel capacity can be achieved for large T [silva-K-K '10]
o Combinatorial codes are nearly optimal for large T [silva-K '09]

@ What if packet size T cannot be made too large?
@ For example: fast topology-changing networks

@ Under this condition:

o Information theory: use the channel many times to achieve capacity
[Shannon!] [Jafari-M-F-D '09] [Yang-H-M-Y-Y '10]

@ Algebraic coding: increase code length to improve code rate x
minimum distance tradeoff

@ Network fading:

@ Multishot can correct entirely lost shots (intershot redundancy)
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Combinatorial results

One-shot [Silva-K-K '08]

Let X CFNY*T be an one-shot code. If
rankdef A< p and rankZ <7

then codeword X can be
decoded from Y provided

ds((X)) > 2(p + 27)

where (X)) is the (one-shot) subspace code
obtained from X" and

ds(U, V) £ dim(U + V) — dim(U N V)
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One-shot [Silva-K-K '08]

Let X CFNY*T be an one-shot code. If

rankdef A< p and rankZ <7

then codeword X can be
decoded from Y provided

ds ((X)) > 2(p + 27)

where (X)) is the (one-shot) subspace code
obtained from X" and

ds(U, V) £ dim(U + V) — dim(U N V)

Multishot

Let X C (FA'*T)" be a multishot code. If

n—1 n—1

Z rankdef A; < p and Z rankZ; < 7
j=0

=0

then codeword (Xop,...X,—1) can be
decoded from (Yo, ...Y,_1) provided

ds((X)) > 2(p + 27)

where (X) is the (multishot) subspace code
obtained from X and

n—1
ds(U, V) £ > ds(U;, V)
j=0
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@ Studied by Gabidulin [Gabidulin '85] and Roth [Roth 'o1]

o R C JFQIM
@ An (N, K, D) code over an F, m
@ Metric of concern:

dr(u,v) = rank(v — u)

where u € FY, is translated to u € FY*"
@ Singleton bound is valid:
D<N-K+1
achieved with [Gabidulin "85] provided N < M
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Definitions and results

@ Studied by Gabidulin [Gabidulin '85] and Roth [Roth 'o1]

@ Rank-metric codes: R C IE“’JVM
@ An (N, K, D) code over an extended field F m
@ Metric of concern: rank distance:
dr(u, v) = rank(v — u)

where u € IE“’JVM is translated to u € F}/*M
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Definitions and results

Studied by Gabidulin [Gabidulin 51 and Roth [Roth '01]

@ Rank-metric codes: R C IE“’JVM
@ An (N, K, D) code over an extended field F m

Metric of concern: rank distance:

dr(u, v) = rank(v — u)

where u € IE“’JVM is translated to u € F}/*M

Singleton bound is valid:
D<N-K-+1

achieved with Gabidulin codes [Gabidulin 's5] provided N < M
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Rank-metric code — Matrix code for network coding

Identity matrix in the header:

I:Flw — FY*T

with T=N+ M

Key result:

ds((Z(u)) , (Z(v))) = 2dr(u, v)

Nébrega, Uchda-Filho — Multishot Codes for Network Coding using Rank-Metric Codes
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Application to network coding

Rank-metric code — Matrix code for network coding
Lifting operation (siva-k-k '0g]
Identity matrix in the header:

T:Fpw — F*7

u — [ | u]

with T=N+ M
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Application to network coding

Rank-metric code — Matrix code for network coding
Lifting operation (siva-k-k '0g]
Identity matrix in the header:

. N NxT
I:Fhy — FY~

u — [ | u]

with T=N+ M

@ Key result:
ds((Z(u)) , (Z(v))) = 2dr(u,v)

9/20



® Multishot rank-metric codes: R C (Fl)"

o Codewords are n-sequences of N-tuples over F_u:
N
= Oy vy n vhere eac i I V]
u = (uo, u,—1) where each u; € F_u

@ Metric:

dr(u,v) = idR(U;.’VJ‘)H
j=0
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® Multishot rank-metric codes: R C (Fl)"

o Codewords are n-sequences of N-tuples over F u:

u = (uo,...,u,—1) where each u; € IE‘Q’M

n—1

dr(u,v) = Z dr(uj, vj),

j=0
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Extension to multishot

® Multishot rank-metric codes: R C (Fl)"
o Codewords are n-sequences of N-tuples over F u:
u = (uo,...,u,—1) where each u; € IFQ’M

@ Metric: extended rank distance:

n—1
dR(U, V) = ZdR(Uj,Vj),
Jj=0

Backup
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Multishot rank-metric code — Multishot matrix code

Lifting of each element:

I:(Fh)" — (FPT)
(ug,...,up—1) +— (Z(uo),...,Z(up-1))

with T=N+ M

@ Result:
ds((Z(u)) , (Z(v))) = 2dr(u, v)

Nébrega, Uchda-Filho — Multishot Codes for Network Coding using Rank-Metric Codes
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Extended lifting

Multishot rank-metric code — Multishot matrix code
Extended lifting operation
Lifting of each element:

T:(Fgu)" — (FT)"
(uo,...,u,,_l) — (I(UO),...,I(Un_l))

with T=N+ M
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Multishot rank-metric code — Multishot matrix code
Extended lifting operation
Lifting of each element:

T:(F)" — (BT
(uo,...,u,,_l) — (I(UO),...,I(Un_l))

with T=N+ M

@ Result:
ds((Z(u)) . (Z(v))) = 2dr(u, v)
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Multilevel Construction
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¢ = (mj)ogj<n (uj)o<j<n

A p-ary (n, k,d) ‘H (typically Reed-S
A Q-ary (N,K,D) R

Originally binary: Q =2
M

Here rank-metric: Q@ = g

Requirement: p = QX

@ Introduced by Forney [Forney "65]
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Concatenated codes

¢ = (mj)o<j<n (u)o<j<n

Ingredients

@ A p-ary (n, k,d) outer code H (typically Reed-Solomon)
Q A Q-ary (N, K, D) inner code R

@ Originally binary: Q@ =2
o Here rank-metric: Q = g

@ Requirement: p = QK

Backup

@ Introduced by Forney [Forney "65]
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¢ = (mj)o<j<n (u)o<j<n

Ingredients

@ A p-ary (n, k,d) outer code H (typically Reed-Solomon)
Q A Q-ary (N, K, D) inner code R

@ Originally binary: Q@ =2
o Here rank-metric: Q = g

@ Requirement: p = QK

@ We have:
c=(co,---,Cn—1) = (mo,...,mp,_1)
where each ¢; € F, = Fo« is translated to m; € F§
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Concatenated codes

¢ = (mj)o<j<n (u)o<j<n

Ingredients

@ A p-ary (n, k,d) outer code H (typically Reed-Solomon)
Q A Q-ary (N, K, D) inner code R

@ Originally binary: Q@ =2
o Here rank-metric: Q = g

@ Requirement: p = QK

@ There are:

@ 1 outer encoding: to form ¢
@ ninner encodings: each m; € ]FS is encoded to uj € ]Fg
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Concatenated codes

¢ = (mj)o<j<n (u)o<j<n

Ingredients

@ A p-ary (n, k,d) outer code H (typically Reed-Solomon)
Q A Q-ary (N, K, D) inner code R

@ Originally binary: Q@ =2
o Here rank-metric: Q = g

@ Requirement: p = QK

@ Result: a Q-ary (nN, kK) concatenated code with
dmin > dD

or...
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Concatenated codes

¢ = (mj)o<j<n (u)o<j<n

Ingredients

@ A p-ary (n, k,d) outer code H (typically Reed-Solomon)
Q A Q-ary (N, K, D) inner code R

@ Originally binary: Q@ =2
o Here rank-metric: Q = g

@ Requirement: p = QK

Backup

@ Result: a multishot code R C (F)" with |R| = [#] and
dmin > dD
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Generalized concatenated codes

c® = (mP)ozjcn vosjcn
Enc Ho P Enc [Ro/Ri]

W =(mMogjcn  ——— (hosjen (uj)o<j<n
Enc H, »| Enc [R1/Ra] »(+ »

L | o

c(m-1) — (mj(_'"—l))ug@ (vl(_mfl)

Enc Hm-1 »

Jo<ij<n

N

Enc [Rm—1/Rm]

@ Introduced by Blokh and Zyablov [Biokh-zyablov '74]
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c® = (mP)ozjcn vosjcn

Enc Ho >

Enc [Ro/Rl]

c® = (mM)ocjcn (vMosjcn

(uj)osj<n
.

i

Enc H1 P| Enc [R1/Ro]

€D = (™ o
Enc Hm—1 >

Enc [Rm-1/Rm)

@ Introduced by Blokh and Zyablov [Biokh-zyablov '74]

@ Also known as multilevel concatenated codes

Backup

13 / 20



Introduction Rank-Metric Decoding Conclusion Backup

Generalized concatenated codes

c® = (mP)ozjcn vosjcn
Enc Ho P Enc [Ro/Ri]

W =(mMogjcn  ——— (hosjen (uj)o<j<n
Enc H, »| Enc [R1/Ra] »(+ »

L |

c(m-1) = (mj(_’"_l))ug<n
Enc Hm—1 >

N

Enc [Rm—1/Rm]

Ingredients

@ m outer codes Ho, ..., Hm—1, (ni, ki, d;), pi-ary

13 / 20



Introduction Rank-Metric Decoding Conclusion Backup
Generalized concatenated codes
c® = (mP)ozjcn vosjcn
Enc Ho P Enc [Ro/Ri]
c® = (mj(‘l))ﬂﬁj<n — (V,(-l))o<J<n (uj)o<j<n
Enc Hi1 P| Enc [R1/Ro] »(+ >

(vl(_mq)

€D = (™ o
Enc Hm—1 >

Jo<ij<n

N

Enc [Rm-1/Rm)

Ingredients
@ m outer codes Ho, ..., Hm—1, (ni, ki, d;), pi-ary
Q m+1subcodes Ry D --- DR, of a parent code R = Ry

13 / 20



Introduction Rank-Metric Decoding Conclusion Backup
Generalized concatenated codes

Enc Ho = (e P| Enc [Ro/Ri] VSR

—— c = (m,(-l))o<J<n . %m@j)wq .

(vl(_mq)

€D = (™ o
Enc Hm—1 >

Jo<ij<n

N

Enc [Rm-1/Rm)

Ingredients
@ m outer codes Ho, ..., Hm—1, (ni, ki, d;), pi-ary
Q m+1subcodes Ry D --- DR, of a parent code R = Ry
o Each R; is (N, K;, D;)

13 / 20



Introduction Rank-Metric Decoding Conclusion Backup
Generalized concatenated codes

Enc Ho = (e P| Enc [Ro/Ri] VSR

—— c = (m,(-l))o<J<n . %m@j)wq .

(vl(_mq)

clm=1) = (mj(.'"fl))ug@
Enc Hm—1 >

Jo<ij<n

N

Enc [Rm—1/Rm]

Ingredients
@ m outer codes Ho, ..., Hm—1, (ni, ki, d;), pi-ary
Q m+1subcodes Ry D --- DR, of a parent code R = Ry

@ Each R,’ is (N, K,', D,')
@ They are not the inner codes

13 / 20



Introduction Rank-Metric Decoding Conclusion Backup
Generalized concatenated codes

Enc Ho = (e P| Enc [Ro/Ri] VSR

—— c = (m,(-l))o<J<n . %m@j)wq .

(vj(_m—l)

clm=1) = (mj(.'"fl))og@
Enc Hm—1 >

Jo<ij<n

N

Enc [Rm—1/Rm]

Ingredients
@ m outer codes Ho, ..., Hm—1, (ni, ki, d;), pi-ary
Q m+1subcodes Ry D --- DR, of a parent code R = Ry

@ Each R,’ is (N, K,', D,')
@ They are not the inner codes
& Inner codes are the coset codes [R;/Rit1]
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Parent code partitioning

Recipe

© Start with a Q-ary (N, K, D) parent code R with generator matrix

80,0 80,1 T 80,K—1
81,0 81,1 T 81,Kk-1
G= . . .
g8N—-1,0 8n-11 °° BN-1,K—1
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Parent code partitioning

Recipe

© Start with a Q-ary (N, K, D) parent code R with generator matrix

80,0 80,1 T 80,K—1
81,0 81,1 T 81,Kk-1
G = . . .
g8N—-1,0 8n-11 °° BN-1,K—1

@ Choose a decreasing sequence of integers: K=Ky > ---> K, =0
© [Ri/Rit1] is the code generated by G[Ki;1 : Ki — 1]

14 / 20
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Parent code partitioning

Decoding

Conclusion

Backup

Example
(N,K)=(6,4) m=3 (Ko, Ki, Kz, K3)=(43,1,0)
[ go0 80,1 802 803 |
810 81,1 812 813
82,0 82,1 822 823
830 831 832 833
840 841 842 843
L 85,0 851 852 853 ]
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Parent code partitioning

Example
(N, K) :(6,4) m=23 (Ko,Kl,Kz,K3):(4,3,1,0) J

[Ro/R1] is generated by G[K; : Ky — 1]

g3 |
813
823
833
843
L 85,3 |
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Parent code partitioning

Example
(N, K) :(6,4) m=23 (Kg,Kl,K2,K3):(4,3,1,0) J

[R1/R>] is generated by G[K> : K1 — 1]

80,1 80,2
811 81,2
821 822
831 832
841 84,2
L 851 85,2 i

14 / 20
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Parent code partitioning

Example
(N, K) :(6,4) m=23 (Kg,Kl,K2,K3):(4,3,1,0) J

[R2/R3] is generated by G[K3 : K — 1]

80,0
81,0
82,0
83,0
84,0
L &5,0 J

14 / 20
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Code parameters

Result
A multishot rank-metric code R C (IFQ’M)" with

IR| = [Hol -+ [Hm-1]

and
i min{dODO’ oy dm1 Dm—l}
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Code parameters

Result
A multishot rank-metric code R C (IFQ’M)" with

IR| = [Hol -+ [Hm-1]

and
i min{dODO’ oy dm1 Dm—l}

Proof.
Adaptation of Lin and Costello [Lin-Costello 04 (Chapter 15)]
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@ Connection with multilevel block-coded modulation of Imai and
Hirakawa [Imai-Hirakawa '77]:

@ Originally for codes (AWGN channel)

. - - 4 ‘ ™2Y)
@ Starts with an m-level of a signal set (subset of R?)
@ Protects each level with classical

© Multilevel construction (or generalized concatenated codes)
as long as:
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Two remarks

@ Connection with multilevel block-coded modulation of Imai and
Hirakawa [Imai-Hirakawa '77]:

o Originally for Euclidean metric codes (AWGN channel)
@ Starts with an m-level partitioning of a signal set (subset of R?)
@ Protects each level with classical component codes

© Multilevel construction (or generalized concatenated codes) works
as long as:

@ Overall metric is the sum of individual shot metrics
@ Component codes are Hamming metric

16 / 20
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Effect of the parent code dimension

Assumptions:
@ Partitioning is the “finest”
@ Rank metric codes R; are MRD: Gabidulin codes
© Component codes #H; are MDS: Reed-Solomon codes

How rate varies with parent code dimension K?

17 / 20
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Effect of the parent code dimension

Binary: g =2 Transmitted packets: N =8 Packet size: T =40, so M = 32

Number of shots: n =10 Minimum distance: d = %nT

o

o
T
°

(R)

Code rate

Parent code dimension (i?)

17 / 20



Decoding Procedure
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Hard-decision multistage decoding

(rj)0§j<n

(rj(-o))og,'<n

Enc [Ru/Rl]

Enc [RI/RZ]

— (@ )osj<n

- (‘71('1))O§j<n

e(m-1)
(L}, Efo<j<n
(r/('i))OSj<n (—J(‘i))oikn ( ¢ ) Jo<j<n (ﬁlj'i))oikn =0 e
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Conclusion
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This work:

@ Multishot codes for non-coherent network coding
@ Construction based on generalized concatenated coding
® Encoding and decoding procedures
Future work:
@ How good are these codes?

@ Soft-decision multistage decoding
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Thank you!

www.gpqcom.ufsc.br/ “rwnobrega/
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Decoding Conclusion
Motivating example

Goal

A multishot code over P(F3) using the channel twice which is able
to detect a single subspace error (d = 2)

0 = {00}

Sy = {00,01}
S, = {00,10}
S; = {00,11}

W = {00,01,10,11}
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Motivating example

Goal

A multishot code over P(F3) using the channel twice which is able
to detect a single subspace error (d = 2)

0 = {00}

Sy = {00,01}
S, = {00,10}
S; = {00,11}

W = {00,01,10,11}

Next: three proposals
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First attempt

Proposal 1
To extend the best 1-shot code J

C1 ={5151,5152, 5153, 5251, 5252, 5253, 5351, 5352, S3 53 }

Cardinality
G =9 J

17 / 20
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Second attempt

Proposal 2
Classic coding over the projective space J

C> ={00,5:51, 55, 5353, WW}

Cardinality
ICa| =5 J

18 / 20
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Third attempt

Proposal 3
To consider the metric space P(FF3)? J

C3 ={00,5151,515,5153,0W,...,855,, 5353, WW}

Cardinality
IC3| =13
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The metric space P([F3)?
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